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SELF MOTION OF A BODY IN A FLUID

V. L. Sennitskii UDC 532.516

1. Many bodies (ships, living creatures) are capable of self-motion in a fluid, i.e.,
they move themselves by pushing fluid away from them.

The well-known (see [1], for example) equations of motion of a rigid body with respect
to an inertial reference frame are

4P b dL
o Lo
z =B =N

where t is the time, Py is the momentum of the body, F is the total external force acting on
the body, Ly is the angular momentum of the body about the point O (the origin of the coordi-
nate system), N is the total external torque acting on the body about point O. Therefore in
the case when the body translates by pushing away the surrounding fluid we must have

dp

oS¢ 4 (1.1)
dLy,

— = Teoyp (1.2)

where Sg.p is the momentum transferred by the fluid to the body per unit time and T¢.y, is
the angular momentum transferred by the fluid to the body per unit time about point O. Equa-
tions (1.1) and (1.2) are the basic equations describing self-motion of a body in a fluid.

In the presence of body forces, the total force acting on the body must be added to the
right hand side of (1.1) and the total moment of the forces (torque) about point O must be
added to the right hand side of (1.2).

Self-motion of a body in a fluid is possible because of the interaction between the
boundary of the body and the fluid (but not as the result of any disturbances in the fluid
which could also occur in the absence of the body). Hence the boundary of the self-moving
body serves as its driver. In self-motion the operation of the driver is such that condi-
tions exist on the boundary of the body for which the equations of self-motion are satisfied.

2. An approximate solution of the problem was found in [2, 3] for steady flow of a vis-
cous incompressible fluid past a self-moving body (a circular cylinder and a sphere). 1In the
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present paper we consider the unsteady flow of a viscous incompressible fluid past a self-
moving body.

The self-moving body is assumed to be a homogeneous sphere with a moving boundary. The
velocity U of the boundary relative to the sphere varies periodically in time with period T.
The motion of the fluid and sphere are considersd with respect to a nonrotating system of
rectangular coordinates X;, X,, X3 with the origin of the coordinate system at the center of
the sphere. The sphere rotates about the X; axis. The motion of the fluid is symmetric
about the X; axis, is steady (it does not depend on the initial conditions) and varies in
time periodically with period T.

Let T = t/T, A be the radius of the sphere, x; = Xi/A, x, = X,/A, x5 = Xg/A; T = (x4,
X,, X3); T, 9, ® are spherical coordinates related to x;, X,, X3 by the relations x; =
rsin 0 cos @, 2, = rsin 6sin @, 23 = rcos 8; pgph is the density of the sphere, pf is the density
of the fluid, p = pgp n/pfs k= (0, 0, 1), Wk is the velocity of the center of the sphere with
respect to the fluld at infinity, w = TW/A, Qk is the angular velocity of the sphere, w = TQ,
V is the velocity of the fluid, v = ZVVA, Vy, Vg, Up are the r, 8, ¢ components of the vector
v, P is the fluid pressure, P, is the fluid pressure at infinity, p = T2(P — P,)/(psfA?), Ug
and Uy are the 6 and @ components of the vector U, U is the magnitude |U|; ug = Ug/U (uy = ug (8
1); U = Ug/U (g = up(8, 1)); € = UT/A; v is the kinematic viscosity of the fluid, Re = AZ%/(vT)
is the Reynolds number, P is the stress tensor in the fluid, p = T*P/(pf4?; n is the unit
outward normal to the surface, s is the sphere r = 1, V = (3/3x,, 3/08x,, 38/8%5); A = 32/
3x12 + 32/8%,% + 3?%/8x,52.

The equations of self-motion of the sphere, the Navier—Stokes equations, the equation
of continuity, and the boundary conditions at the surface of the sphere and at infinity can
be written as

”p nds—Fp 2k g, (2.1)
jjrx (p+n) S“pd‘”k=0; (2.2)

ov d
ﬁ+(v-V)v+Vp——R§Av+d—l:k=0; (2.3)
V.v:O; (2-4)
v, = 0, vy = gug, Uy = elip + ®sin O for p = {; (2.5)
v~ —uk, p~0 for r— oo, (2.6)

It is required to find w, w, v, p-.

3. We will consider the problem (2.1)-(2.6) for values of & which are small in com-
parison with unity. We assume that when & > 0

6
w(t, &, Re,p) ~ D e"wm, (7, Re, p); (3.1)
n=i1
o(t, &, Re, p) ~ gogy (t, Re, p); (3.2)
v(r, 7, & Re, p) ~ evy(r, T, Re, p); (3.3)
p(r, T, &, Re, p) ~ epy(r, T, Re, p). (3.4)

The asymptotic expansions obtained in the limit € -» O and constant r, T, Re, p will be called
inner expansions. Using (2.1)-(2.6) and (3.1)-(3.4) we find

k14
)
ﬁ”( Re pyy + 2 mr)cose——(—%—ue)sinﬁﬂglsinedﬂ—3p d‘;’ 0; (3.5)
(1] . ;
L7274
égf( we __ ——mu)ﬂnB)LzlmnzedO—n—P 2) 0; (3.6)
9
ov
(1+VP(1)— AV(1>+ (l)k=0; (3.7)
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V'v(l) :O’ (3.8)
Vayr = O, Uye = Ugy Ve = Ug =+ Wy sin @ for r = 1; (309)
Yy ~ —W(l)k, Pay ~ 0 for r-— oo, (3.10)
where Vv(;)y, V(1)§, V(1)y are the r, 8, @ components of the vector v(.

We write ug and u, in the form of the series

Ug = 2 (T]lo + Real 2 ’rlzmem““) PP (cos 0);
= =
Uy = Z (Em 4+ Real 2 g mezmn“) PV (cos 6),

where nNggo, Ngms Ego» Egm are constants (ni, < 0, nye # 0, £,, # 0)3 Pg(l) are the associated
Legendre functions.

The problem (3.5)-(3.10) has the solution

oo

W) = W1y -+ Real 2 w(l)me2mnir; (3 . ll)
m=1

0@ = 0o + Real T ogyme®™ ™, (3.12)
m=1

L'<1)7‘=“-"‘1_g"p V(1o = — Lo (3.13)

r*sing 99’ rsin® ar’

oo

' - N Eim + Oqymbyy
Vaye = 2 [(Elo + @odn) 7 + Real 2 El——‘—l—)m—“ V2R 1 saya (gmr) €™ | PSD (cos 0): (3.14)
=1 P==1 l+1/" (qm)

oo

_ 9 1] o o 2 1
p<1)=§1{—mw1+-ﬂ~e[a—ﬁ—”(’? )it )lez— }Pl(cose) (3.15)
e 2 e e Im+1 .
("’(1)0 ? Mo (Hm = (Zp + 1) qm + gqm +9 Tll b
G+ 39, +3
Opy0 = — 105 Oym = — 9 — - ry E1m;
0am + (P + 5) 4 + 159, + 15
Y= 2 ¥ PP (cos B) sin B; ; = ——‘w(l)r Bu+ 7 [(zﬂlo — Wb T —
K q
— (2M10 — Bw(p)odp) r 2] — L - Real z {[ ’"K_,H_f%z}ﬁ; Nim —
o _ 27‘ — 3w s e2mnn
— (@ + 3gm + 3wiaymbu ] r 7t — qm——LK"i——“(-nm—ll rK i (er)} R
I—1/2 (9m)

» = (1 + i) YmwRe; & is the Kronecker delta, Py are the Legendre polynomials, Ko+:1/, are
the MacDonald functions).

The relations

W = gy, ® = Wy, V = &V(y, P = EP(y (3.16)
and (3.11)-(3.15) determine the approximate solution of the problem (2.1)-(2.6).
4. The solution (3.11)-(3.16) satisfies the boundary condition (2.6) at infinity exact-
ly. However, it incorrectly characterizes the disturbances of the motion of the fluid for

r 2 1/e [using (3.13), (3.14), and (3.16) it is not difficult to show that when r 2 1l/e¢ the
quantity (v-y)v) cannot be neglected in (2.3)].

We determine approximate expressions for the velocity disturbance v + wk and pressure
disturbance p in the entire region occupied by the fluid. Together with the inner expansions
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(3.3) and (3.4) we will also consider the outer expansions of v and p. The inner and outer
expansions of v and p must be consistent with one another in correspondence with the match-
ing principle for asymptotic expansions [4].

We write (2.3), (2.4), and the condition (2.6) in the form

+8(v V)v+an——Av+dwk—0 (4.1)
V-V =0; (4.2)
v~——wk,p~0 for ?——>oo‘, k (4-3)
where ¥V = (3/0%;, 38/8%,, 3/8%5); A = 82/8x%,2 + 32/3x,2 + 82/9x32 (X, = €xX;, R, = €X,, Xy =
€X3); £ = er. We assume that in the limit € » 0
- 6 R
v(-ra—, r,s,Re,p)~—sw(1)k + 2 e"v™ (r, 7, Re, p); (4.4)
n=2
- 6
p(%,“c, g, Re,p)Nz en‘lp(")(r, 7, Re, p), (4.5)
n=2

where T = er. Asymptotic expansions obtained in the limit & » 0 and constant r, T, Re, p
will be called outer expansions. Using (4.1)-(4.5) we find

v

g (K)k__ [wm (k-F) v + ﬁiégv(z)] Sxcs — [wm(k-?) VO (y®.F) 4@ 4 ﬁi_egv(s)J Sxs— (4.6)
_ [wu) (k.F) v — (v2.9) y® — (v.§) y@ 1 L Av(‘”] Sx0 = 0:

Vv = 0; (4.7)
viK) ~ — U’(K)k, p (B) ~ 0 for ?—» 00 (4-8)
(K = 23 35 4’ 5, 6)'

The matching conditions for the inner and outer expansions of v and p are

ISEELV=E€LISV (L='1,2, 3,4, 5, 6); (4.9)
IE yp = Elep (M=0,1,2,3,4,5), . (4.10)

where I and E are operators corresponding to the inner and outer expansions, respectively
(see [2, 5]).

Using (3.3), (3.4), (3.13

)-(
(4.10) are satisfied when L = 1

.15), (4.4), (4.5), we find that the conditions (4.9) and

3.15)
, M= 0.
We write W(k)s V(k), p(k) (k =2, 3, 4, 5) in the form of the series

Wix) = Wy + Real 2_, Wixym ezm'tn:

v(}() (K) + Real 2 v(l{) 2mmr’

m=1

p(}:) — pgx) + Real Z pﬁ,}:)ezm“ﬁ,
m=1

where W(k)o, W(k)m are constants and vo°, v, pi”, p¥) are functions of r,

It follows from (4.6)-(4.10) with K = 2, L = 2, M = 1 and (3.3), (3.4), (3.13)-(3.15),
(4.4), (4.5) that

Vi = —wpmk (m=1,2,...); (4.11)
p® = 0; (4.12)
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’V\.v(()z):(); (4.].3)

Vi~ —wgok for T — oo; (4.14)
I (e0§®) = 0, I.(e2{y) =0, I.(e22)=0, (4.15)
where Vor(z), Vog(z), Vow(z) are the r, 9, ¢ components of the vector v{® . Using (4.6)

with K = 4 and (3.11) and (4.11), we obtain

Re Vpi® + 24 (k-V) vi® — Av® — 0, (4.16)

where A = —Ren;,/3. The problem (4.13)-(4.16) has the solution
vgz) = — wgok; (4.17)
OB (4.18)

(c is a constant).

It follows from (4.6)-(4.10) with K =3, L =3, M= 2 and (3.3), (3.4), (3.13)-(3.15),
(4.4), (4.5) that

V) = —wmk (m=1,2,...); (4.19)
p® = 0; (4.20)

Vovi® =o0; (4.21)
v(3)~—-—w(3)0k for r — oo} (4.22)
I (e30§Y) = — 3em,g 2P, (cos B), (4.23)

I (e4d) = 0, I.(e{2) =0,

where vor(3), voe(s), v0¢(3) are the r, 6, ¢ components of the vector v . Using (4.6)
with K = 5 and (3.11), (4.11), (4.17), (4.19), we obtain

Re T5® -+ 24 (k-F) v — v — 0, (4.24)
The problem (4.21)~(4.24) has the solution
(8 99 1
Vor A+%a — ycosb, (4.25)

@_ 100 1o o
Uop =% +2ﬁ % + 4 sin 63

vy = 0; : (4.26)

2
p,(,s)—R%( [;(D B-I——_;sme)—l-c (4.27)

((D = — (w(a)o r4 ) cos 0 + = y=— % ghrcos8—1) [3q20 + 2q —
— 3N (1 + )cos 9] ¢’, @ — constant )

It follows from (4.6), (4.8), (4.9) with K = 4, L = 4 and (3.3), (3.14), (4.4), (4.11),
(4.17) that

61;51,4)

v ~ 0 for 7—".—>oo; (4.29)
I, (etiP) = el PP (cos 0), (4.30)

where VQ(“) is the ¢ component of the vector v@W. Using (4.6) with K = 6 and (3.11), (4.11),
(4.17), (4.19), (4.26), (4.28), we obtain
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o8

2rk 'vap“ — ZUS;) + ?—ZSICPTZB—- = 0. (4- 31)

The problem (4.29)-(4.31) has the solution
(4) _7i ?\,;‘\(cose—l)r ( i_\ _3_ 3 . (4.32
v == e '_ﬁ i+ =T Egu(i+ =+ 7—?72)0056] sin 0 ( )

(B is a constant).

The momentum of the sphere and fluid inside a closed surface o containing the sphere,
and the angular momentum of the sphere and fluid about the origin of the coordinate system
X1, X,, Xz vary periodically with T with period 1. Hence, we must have the relations

1

§ fimn—venydeds =0, (4.33)
T+.1 -
,‘ j‘sl{l‘x[p-n—v(v-n)]}dcdr=0. (4.34)

Using (3.11), (4.4), (4.5), (4.11), (4.12), (4.17)-(4.20), (4.25)-(4.27), (4.32)-(4.34), we
obtain

@ =0, p=—&. (4.35)

Applying the additive method for the inner and outer expansions [4], we find that in
the entire region occupied by the fluid the r, 6, ¢ components of the vector v + wk and p
are given approximately by the relations

Vr ++ w0s 0 = & (vqy + Wiy c080) + €8 (V5 + Wiy, cos B) + %8712;]-2 (1 + 3cos 20); (4.36)
Vg — W sin B = & (Uyp — Wiy) Sin 0) + €8 (1) — w(ay, 5in B); (4.37)
Vo = eUpe + Y — -3,,— gEy,r ° sin 26; (4.38)

D = &P

and by (3.13)-(3.15), (4.25), (4.32), (4.35).

5. We consider the asymptotic behavior of the velocity disturbance of the fluid at
large distances from the sphere (small ). Using (3.13), (3.14), (4.25), (4.32), (4.35)-
(4.38), we obtain

2, 2
3 2y 2 . eh X1t+xg
emn 8}\, 11 IZ - ? X,
v weosh ~ —20[ 22 - 3
ot 2 \2 g h)e ’ (5.1)
2,2
2. _ep *1tx
. 3e N’]20 £i + x; 3/2 2 xa
vg—wsinh ~ — 7l e .
41’3 13
T+
el ¥1t%y
2 2 2 —=
208y, [ 73+ v 1 en 1+ 23 2 %
Vg ~ 5/2 z T Tz
x3 3 3

in the limit x5 - 4~ and constant (x;? + x%,%2)/%5, T, €, Re, p. According to (5.1), the
velocity disturbance becomes steady at large distances from the sphere and falls off as X;72.
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